We consider the resonant optical force acting on a pair of transparent microspheres by the excitation of the Morphology Dependent Resonance (MDR). The bonding and anti-bonding modes of the MDR correspond to strong attractions and repulsions respectively. The dependence of the force on separation and the role of absorption are discussed. At resonance, the force can be enhanced by orders of magnitude so that it will dominate over other relevant forces. We find that a stable binding configuration can be induced by the resonant optical force.
Optical forces are useful in the manipulation of ultra-fine particles and mesoscopic systems, and the development is rather astounding in the last three decades. The most well known types of the optical forces are the radiation pressure and the optical gradient force. There is also an inter-particle optical force, induced by the multiple scattering of light. [1] [2] [3] [4] [5] [6] [7] We present here an interesting type of resonant inter-particle force. We will see that the tuning of the incident light frequency to the Morphology Dependent Resonance (MDR) of a cluster of transparent microspheres would induce a strong resonant optical force (MDR-force) between the spheres. The MDR of a pair of spheres had been observed in fluorescent 8, 9 and lasing 10 experiments. Here we study theoretically the force induced by such resonances. We will see that the MDR-induced force, derived from the coherent coupling of the whispering gallery modes (WGM's), is a strong short ranged force that can be attractive or repulsive depending on whether the bonding mode (BM) or the anti-bonding mode (ABM) is excited. The strength of the optical forces can be enhanced by orders of magnitude when a MDR is excited. As microsphere cavities are emerging as an alternative to the photonic crystal in controlling light, [8] [9] [10] the MDR-force may be deployed for the manipulation of a microsphere cluster.
In this paper, we calculate the electromagnetic (EM) forces acting on microspheres when WGM's or MDR's are excited. The optical force acting on a microsphere can be computed via a surface integral of the Maxwell stress tensor, ↔ T , over the sphere's surface. The microspheres cannot respond to the high frequency component of the time varying optical force, so we calculate the time-averaged force < T is computed by the multiple scattering theory, 1, 11 which expands the fields in vector spherical harmonics. This formalism is quite possibly the most accurate method that can be applied. It is in principle exact, and the numerical convergence is being controlled by the maximum angular momentum (L max ) used in the expansion. The calculation for the resonance of dielectric microspheres near contact requires a high L max , 12 which is chosen so that further increase in L max does not change the value of the calculated force. In most of the calculations, the size parameter (kR) is between 28 and 29, and L max =63 was used. We adopt the Generalized Minimal Residual iterative solver (GMRES) for the linear system of equations. 13 In the following, the WGM's will be labeled as "(l)TE(n)" or "(l)TM(n)", where l and n are the mode and order number, and TE (TM) means transverse electric (magnetic) respectively. Unless otherwise noted, a linearly polarized incident plane wave with a modest intensity of 10 4 W/cm 2 is assumed throughout this paper. The spheres have radius R=2.5 µm, with a dielectric constant ε=2.5281+10 −4 i. The loss level of Im{ε}=10 −4 or smaller can be easily achieved with insulators, glass or possibly good quality polystyrene spheres.
The well-known WGM's for a transparent microsphere have many interesting properties and applications, mostly because of its high quality factor and the enhanced EM fields near the surface. While the fields can be enhanced by orders of magnitude when a WGM is excited, the radiation pressure is only increased by about 30% or less, as shown in Fig. 1(a) . It is because the intensity distribution of a WGM is symmetrical, so that the gradient force acting on the sphere at any point is cancelled by its counterpart on the other side of the sphere. However, a much stronger enhancement in the optical force can be induced by the resonances involving two spheres. When two spheres are near each other, their EM modes are coherently coupled and split into BM's and ABM's through the quasi-normal mode splitting.
5, 12 The BM's (ABM's) have resonant frequencies that are lower (higher) than that of the single sphere, and have an even (odd) parity in the EM field distribution.
12
Unlike the single sphere resonance where the force is not enhanced that much, the MDR's correspond to strong attractions (BM's) or repulsions (ABM's) between the spheres. The overall intensity distribution of the two- sphere resonance is still symmetrical, but the field pattern on each sphere is not. The strong internal fields then induce strong optical forces on the spheres. We note that the BM and ABM forces are also observed between layers of 2 dimensional photonic structure.
5
In Fig. 1(b) -(c) we plot the optical forces acting on a pair of spheres with the geometry shown in Fig. 1(d) . The wavelengths of the incident light fall inside the range of 542 nm to 561 nm, chosen to match with that of the previous works on MDR.
12, 14 The BM and ABM of 39TE1 and 34TM2 are marked on Fig. 1(b) . When a resonance is excited, the force is tremendously enhanced compared to off-resonance. The BM's (ABM's) have the maximum (minimum) field intensity at the contact point of the spheres, giving rise to attractions (repulsions). The resonant linewidths of the MDR are also several orders of magnitude wider than that of a single sphere, 12, 14 and they are further broadened by absorption. We remark that the small peak at kR=28.03 in Fig. 1(b)-(c) is the ABM of 34TE2, and also the interactions between 39TM1 and 35TE2 complicated the splitting, and their coupling give rise to the MDR-force peaks at kR=28.527, 28.605 and 28.620.
One of the major challenges in studying MDR of spheres experimentally is that the resonant frequency is very sensitive to the size of the sphere and thus requires extremely accurate particle sizing.
14 This difficulty has been overcome by utilizing the narrow linewidth of the single sphere resonance to determine the particle size. [8] [9] [10] Nevertheless, the MDR force is actually quite robust against size dispersion. The solid line in Fig.  2 shows the MDR force at kR=28.527 when the two spheres are of the same diameter, to be compared with the forces in which the two spheres differ by 2% in diam- Fig. 1(d) . The horizontal axis is the size parameter of the bottom sphere. Solid lines: both spheres have radius of 2.5 µm. Dotted lines: The bottom sphere has radius of 2.5 µm and the top sphere has radius of 2.45 µm.
eter (dotted line). We see that the MDR force remains significant even when the two spheres do not have the same radius. i. Only the force acting on top sphere is plotted. Figure 3 shows the forces acting on a pair of spheres over a wide range of size parameters. From this figure, we see that the attractive resonant force is generally stronger than the repulsive resonant force. The resonant force is most significant for spheres with size parameters between 20 and 30. The force for those with size parameters greater than 30 is damped by absorption.
The MDR frequencies actually depend on the distance between the spheres, and this property can be utilized to bind the spheres into a stable structure. As an illustrative example, we consider a pair of spheres (aligned along z-axis) illuminated by an incident field of the form ⇀ E in =xE o sin(kz), which compose of a pair of counterpropagating waves going along the bisphere axis. At a particular frequency of the incident wave, slightly higher than the resonant frequency of a WGM, the ABM is excited at a particular distance between the spheres, leading to strong repulsion. However, at distances larger than i. The stable equilibrium separations (optical force equals zero and stable against perturbation) for different incident wavelength are marked by arrows.
that particular distance, both the radiation pressure and the Van der Waals forces will push the balls together. This competition between ABM resonant repulsion and other attractive forces lead to the stable position. Figure 4 shows the force as a function of D, the separation between the closest points on the spheres. The dielectric constant is taken to be 2.5281+10 −4 i in Fig. 4(b) , and the ideal case results with no absorption (ε=2.5281) are shown in Fig. 4(a) for comparison. Stable equilibrium separations, where the optical force is zero, are marked by arrows in Fig. 4(b) . The spheres will experience an attractive (repulsive) force if their separation is increased (decreased) from the equilibrium distance. Binding can also be achieved by using two lasers, one tuned to a BM and the other tuned to an ABM such that there is an equilibrium separation "sandwiched" by the resonant force peaks. The interaction between the two laser beams can be neglected because of the lack of coherence.
We also compare the MDR-force with other relevant interactions. The energy associated with the repulsive barriers created by the ABM's are on the order of tens of k b T (the thermal energy at room temperature) at an incident intensity of 10 4 W/cm 2 . For example, it takes about 80 k b T to push the spheres across the middle peak of Fig. 4(b) (corresponding to λ=558.2 nm) . Another relevant comparison is the strength of the van der Waals forces. An upper bound on the magnitude of the van der Waals force between two dielectric spheres, |F vdw |, can be calculated by the non-retarded approximation:
Joule is the Hamaker constant. 15 The magnitude of the van der Waals force is plotted on Fig. 4 . One sees that the resonant force can dominate over the van der Waals force if the D is more than a few tens of nano-meter. Finally, the weight of a glass sphere (mass density =2400 kg/m
3 ) is about 1.5 pN.
We note from Fig. 4 that the resonant separation (where the force is maximum) increases as the incident frequency is tuned closer to the resonant frequency of the WGM. This can be understood from the fact that a larger separation corresponds to a smaller splitting of the WGM. In the ideal case with no absorption (see 4(a)), the strength of the MDR-force is an increasing function of resonant separation. This is because the quality factor, and thus the internal field of the MDR, attains the huge values of the WGM as the separation increases.
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We note that resonant force for the ideal case approaches a nano-Newton. However, in reality the resonances are inevitably subject to absorptive losses.
We emphasize that the properties of the resonant mode is determined by the morphology. As long as the incident frequency matches the resonant frequency, the resonance will be excited irrespective of the external light profile. However, it is the projection (coupling) of the incident light onto the resonating mode that determines the strength of the resonat force. A plane wave is in fact not the most efficient way to excite the MDR, as most of the light is coupled to the non-resonating, dissipative modes. Our calculations aim to illustrate the resonant behavior and the corresponding strong optical forces. In actual implementation, other form(s) of incident light wave (e.g. evanescent wave) can be used to realize a stronger force and thereby to utilize the full potential of the resonant effect. We also note that while absorption will degrade the strength of the resonance, microspheres containing gain materials can in principle enhance the resonant force, and the effect should be most interesting when the WGM starts lasing. 10 These would be interesting topics for further studies.
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